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Abstract
In this paper we reformulate and prove the stability theorems of S.M. Jung and P.K. Sahoo
[S.M. Jung, P.K. Sahoo, Stability of a functional equation of Drygas, Aequationes Math. 64 (2002)
263–273] in the spaces of generalized functions such as the Schwartz distributions and tempered
distributions.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction
S.M. Jung and P.K. Sahoo considered the stability problem of the following functional
inequality:
∥∥f (x + y) + f (x − y) − 2f (x) − g(2y)∥∥ , (1.1)
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gas: ∥∥f (x + y) + f (x − y) − 2f (x) − f (y) − f (−y)∥∥ , (1.2)
where f , g are functions from a real vector space E1 to a Banach space E2.
Theorem 1.1. [9] Let f , g satisfy the inequality (1.1). Then there exists a unique quadratic
function Q :E1 → E2 and a unique additive function A :E1 → E2 such that
∥∥f (x) − 2Q(x) − A(x) − f (0)∥∥ 37
6

and
∥∥g(x) − Q(x)∥∥ 13
3

for all x ∈ E1. If, in particular, f satisfies the inequality (1.2), there exists a unique
quadratic function Q and a unique additive function A such that
∥∥f (x) − Q(x) − A(x)∥∥ 25
3

for all x ∈ E1.
We refer to [3,11,12,14] for some related stability theorems. Recall that an additive
function A means a solution of the Cauchy equation
A(x + y) = A(x) + A(y)
and a quadratic function Q means a solution of the quadratic functional equation
Q(x + y) + Q(x − y) = 2Q(x) + 2Q(y).
In this paper we consider the above stability theorems in the spaces of generalized func-
tions such as Schwartz distributions and tempered distributions. Note that the inequalities
(1.1) and (1.2) themselves make no sense in generalized functions. As in [1,2,4,5,7,10],
using pullback of generalized functions we reformulate the inequalities (1.1) and (1.2) to
generalized functions as follows. Let A, B , P1 and P2 be the functions
A(x,y) = x + y, B(x, y) = x − y, P1(x, y) = x, and P2(x, y) = y,
x, y ∈ Rn.
Then the inequalities (1.1) and (1.2) can be naturally extended as
∥∥u ◦ A + u ◦ B − 2u ◦ P1 − v ◦ (2P2)∥∥ , (1.3)∥∥u ◦ A + u ◦ B − u ◦ P1 − u ◦ P2 − u ◦ (−P2)∥∥ , (1.4)
where u ◦ A, u ◦ B , u ◦ P1, u ◦ P2, u ◦ (2P2) and u ◦ (−P2) are the pullbacks of u by A,
B , P1, P2, 2P2 and −P2, respectively, and ‖u‖  means that ‖〈u,ϕ〉‖ ‖ϕ‖L1 for all
test functions ϕ.
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a unique a ∈ Cn and a unique quadratic form
q(x) =
∑
1jkn
ajkxjxk
such that
u = a · x + 2q(x) + C + h1(x), v = q(x) + h2(x),
where C ∈ C and h1(x), h2(x) are bounded measurable functions satisfying ‖h1‖L∞  3,
‖h2‖L∞  3.
Also, let u satisfy the inequality (1.4). Then there exist a unique a ∈ Cn and a unique
quadratic form q(x) such that
u = a · x + q(x) + h(x),
where h(x) is a bounded measurable function satisfying ‖h‖L∞  32.
2. Schwartz distributions
We briefly introduce some spaces of generalized functions such as the space D′(Rn) of
Schwartz distributions and the space S ′(Rn) of tempered distributions, we refer to [6,8,13]
for more details. Here we use the multi-index notation, |α| = α1 +· · ·+αn, α! = α1! . . . αn!,
xα = xα11 . . . xαnn and ∂α = ∂α11 . . . ∂αnn , for x = (x1, . . . , xn) ∈ Rn, α = (α1, . . . , αn) ∈ Nn0 ,
where N0 is the set of non-negative integers and ∂j = ∂/∂xj .
Definition 2.1. We denote by C∞c (Rn) the set of all infinitely differentiate functions on Rn
with compact supports. A distribution u is a linear form on C∞(Rn) such that for every
compact set K ⊂ Rn there exist constants C > 0 and k ∈ N0 such that
∣∣〈u,ϕ〉∣∣ C ∑
|α|k
sup
∣∣∂αϕ∣∣
for all ϕ ∈ C∞c (Rn) with supports contained in K . The set of all distributions is denoted
by D′(Rn).
Definition 2.2. We denote by S or S(Rn) the Schwartz space of all infinitely differentiate
functions ϕ in Rn satisfying
‖ϕ‖α,β = sup
x
∣∣xα∂βϕ(x)∣∣< ∞
for all α,β ∈ Nn0, equipped with the topology defined by the seminorms ‖ · ‖α,β . The ele-
ments of S are called rapidly decreasing functions and the elements of the dual space S ′
are called tempered distributions.
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We employ the n-dimensional heat kernel Et(x) = (4πt)−n/2 exp(−|x|2/4t), t > 0.
Since for each t > 0, E(· , t) belongs to the Schwartz space S , the convolution
Gu(x, t) = (u ∗ E)(x, t) = uy
(
E(x − y, t)), x ∈ Rn, t > 0,
is well defined for all u ∈ S ′, which is called the Gauss transform of u.
As a matter of fact, the Gauss transform Gu(x, t) of u is a C∞ solution of the heat
equation and Gu(x, t) converges to u as t → 0+ in the sense of distributions: for each
ϕ ∈ S(Rn),
〈
Gu(· , t), ϕ〉=
∫
Gu(x, t)ϕ(x) dx → 〈u,ϕ〉 as t → 0+.
We refer to [2,8] for more details of pullback of generalized functions. As a matter of
fact the pullbacks u ◦ A, u ◦ B , u ◦ P1, u ◦ P2, u ◦ (−P2) and u ◦ (2P2) involved in (1.3)
and (1.4) can be written in a more transparent way as follows:
〈
u ◦ A,ϕ(x, y)〉=
〈
ux,
∫
ϕ(x − y, y) dy
〉
,
〈
u ◦ B,ϕ(x, y)〉=
〈
ux,
∫
ϕ(x + y, y) dy
〉
,
〈
u ◦ P1, ϕ(x, y)
〉=
〈
ux,
∫
ϕ(x, y) dy
〉
,
〈
u ◦ P2, ϕ(x, y)
〉=
〈
uy,
∫
ϕ(x, y) dx
〉
,
〈
u ◦ (−P2), ϕ(x, y)
〉=
〈
uy,
∫
ϕ(x,−y)dx
〉
,
〈
u ◦ (2P2), ϕ(x, y)
〉=
〈
uy,2−n
∫
ϕ(x, y/2) dx
〉
for all test functions ϕ(x, y) defined on R2n.
Now we consider the stability problems (1.3) and (1.4) in the space S ′(Rn) of tem-
pered distributions. It can be verified that by convolving the tensor product of heat kernels
Et(x)Es(y) in each side of the inequalities (1.3) and (1.4) as a function of x and y we have
the following functional inequalities for smooth functions:∣∣f (x + y, t + s) + f (x − y, t + s) − 2f (x, t) − g(2y,4s)∣∣ , (3.1)∣∣f (x + y, t + s) + f (x − y, t + s) − 2f (x, t) − f (y, s) − f (−y, s)∣∣  (3.2)
for all x, y ∈ Rn, t, s > 0. Thus we first consider the stability problem for the above in-
equalities (3.1) and (3.2).
Lemma 3.1. Let f,g :Rn × (0,∞) → C be continuous functions satisfying the inequal-
ity (3.1). Then there exist a unique quadratic-additive function
Q(x, t) =
∑
ajkxjxk + bt
1jkn
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A(x, t) = a · x + ct
such that∣∣f (x, t) − A(x, t) − 2Q(x, t) − C∣∣ 3
and ∣∣g(x, t) − Q(x, t)∣∣ 3
for all x ∈ Rn, t > 0, where a ∈ Cn and b, c,C ∈ C.
Proof. We follow the similar approach as in [9]. Replace x by z, y by x+y2 , t by r and s
by t+s4 in (3.1) to get∣∣∣∣f
(
z + x + y
2
, r + t + s
4
)
+ f
(
z − x + y
2
, r + t + s
4
)
− 2f (z, r) − g(x + y, t + s)
∣∣∣∣ . (3.3)
Similarly, replace x by z, y by x−y2 , t by r and s by
t+s
4 in (3.1) to get∣∣∣∣f
(
z + x − y
2
, r + t + s
4
)
+ f
(
z − x − y
2
, r + t + s
4
)
− 2f (z, r) − g(x − y, t + s)
∣∣∣∣ . (3.4)
Now replace x by z+x2 , y by
y
2 , t by r + t4 and s by s4 in (3.1) to get∣∣∣∣f
(
z + x + y
2
, r + t + s
4
)
+ f
(
z + x − y
2
, r + t + s
4
)
− 2f
(
z + x
2
, r + t
4
)
− g(y, s)
∣∣∣∣ . (3.5)
Similarly, replace x by z−x2 , y by
x
2 , t by r + t4 and s by s4 in (3.1) to get∣∣∣∣f
(
z − x − y
2
, r + t + s
4
)
+ f
(
z − x + y
2
, r + t + s
4
)
− 2f
(
z − x
2
, r + t
4
)
− g(y, s)
∣∣∣∣ . (3.6)
Finally, replace x by z, y by x2 , t by r and s by
t
4 in (3.1) and multiply to get∣∣∣∣2f
(
z + x
2
, r + t
4
)
+ 2f
(
z − x
2
, r + t
4
)
− 4f (z, r) − 2g(x, t)
∣∣∣∣ 2. (3.7)
Using the triangle inequality in (3.5) + (3.6) + (3.7) − (3.3) − (3.4) we get∣∣g(x + y, t + s) + g(x − y, t + s) − 2g(x, t) − 2g(y, s)∣∣ 6.
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Q(x, t) =
∑
1jkn
ajkxjxk + bt
such that∣∣g(x, t) − Q(x, t)∣∣ 3. (3.8)
Let
f e(x, t) := 1
2
(
f (x, t) + f (−x, t)), f o(x, t) := 1
2
(
f (x, t) − f (−x, t)),
ge(x, t) := 1
2
(
g(x, t) + g(−x, t)), go(x, t) := 1
2
(
g(x, t) − g(−x, t)).
Replace x by −x and y by −y in (3.1) and add the result to (3.1) to obtain∣∣f e(x + y, t + s) + f e(x − y, t + s) − 2f e(x, t) − ge(2y,4s)∣∣ . (3.9)
Similarly we have∣∣f o(x + y, t + s) + f o(x − y, t + s) − 2f o(x, t) − go(2y,4s)∣∣  (3.10)
for all x, y ∈ Rn, t, s > 0. Put x = 0 in (3.9) we have∣∣2f e(y, t + s) − 2f e(0, t) − ge(2y,4s)∣∣ . (3.11)
From (3.11) it is easy to see that there exists a sequence {tn}∞n=1 of positive numbers which
converges to 0 as n → ∞ such that C := limtn→0+ f e(0, tn) exists. Letting t = tn → 0+ in
(3.11) we have∣∣2f e(y, s) − ge(2y,4s) − 2C∣∣ . (3.12)
Thus from (3.9) and (3.12) we have∣∣f e(x + y, t + s) + f e(x − y, t + s) − 2f e(x, t) − 2f e(y, s) + 2C∣∣ 2. (3.13)
Thus as in [5] there exists a unique quadratic-additive function Q1(x, t) such that∣∣f e(x, t) − Q1(x, t) − C∣∣ . (3.14)
On the other hand, putting x = 0 in (3.10) we have∣∣go(2y,4s)∣∣≤ . (3.15)
Thus it follows that∣∣f o(x + y, t + s) + f o(x − y, t + s) − 2f o(x, t)∣∣ 2. (3.16)
Interchange x with y, and t with s in (3.16) and add the result to (3.16) to get∣∣f o(x + y, t + s) − f o(x, t) − f o(y, s)∣∣ 2. (3.17)
Thus as in [5] there exists a unique linear function A(x, t) = a · x + bt such that∣∣f o(x, t) − A(x, t)∣∣ 2. (3.18)
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Also it follows from (3.12), (3.14) and (3.15) that∣∣∣∣g(x, t) − 12Q1(x, t)
∣∣∣∣
∣∣∣∣ge(x, t) − 2f e
(
x
2
,
t
4
)
+ 2C
∣∣∣∣
+ 2
∣∣∣∣f e
(
x
2
,
t
4
)
− Q1
(
x
2
,
t
4
)
− C
∣∣∣∣+ ∣∣go(x, t)∣∣
 4. (3.19)
From (3.8) and (3.19) we have∣∣∣∣Q(x, t) − 12Q1(x, t)
∣∣∣∣≤ 7. (3.20)
Since both Q1 and Q are quadratic-additive, it follows from (3.20) that Q(x, t) =
1
2Q1(x, t) for all x ∈ Rn, t > 0. This completes the proof. 
As a consequence of the above lemma we obtain the stability theorem for the inequal-
ity (3.2).
Lemma 3.2. Let f :Rn × (0,∞) → C be continuous functions satisfying the inequal-
ity (3.2). Then there exist a unique a ∈ Cn and a unique quadratic-additive function
Q(x, t) =
∑
1jkn
ajkxj xk + bt
such that∣∣f (x, t) − a · x − Q(x, t)∣∣ 3
2
.
Proof. In the Lemma 3.1 if in particular g(2y,4s) = f (y, s) + f (−y, s) we have
ge(2y,4s) = 2f e(y, s), go(2y,4s) = 0. (3.21)
Thus we obtain the inequalities∣∣f e(x + y, t + s) + f e(x − y, t + s) − 2f e(x, t) − 2f e(y, s)∣∣ , (3.22)
and ∣∣f 0(x + y, t + s) + f 0(x − y, t + s) − 2f 0(x, t)∣∣  (3.23)
instead of (3.9) and (3.10), respectively. Using the inequalities (3.22) and (3.23) we get the
result. 
Theorem 3.3. Let u,v ∈ S ′(Rn) satisfy the inequality (1.3). Then there exists a unique
a ∈ Cn and a unique quadratic form
q(x) =
∑
ajkxjxk
1jkn
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u = a · x + 2q(x) + C + h1(x), v = q(x) + h2(x),
where C ∈ C and h1(x) and h2(x) are bounded measurable functions satisfying ‖h1‖L∞ 
3, ‖h2‖L∞  3.
Proof. Convolving in each side of (1.3) the tensor product Et(x)Es(y) of n-dimensional
heat kernels and using the property
Et ∗ Es(x) = Et+s(x)
the inequality (1.3) is converted to∣∣Gu(x + y, t + s) + Gu(x − y, t + s) − 2Gu(x, t) − Gv(2y,4s)∣∣ , (3.24)
for all x, y ∈ Rn, t, s > 0, where Gu(x, t) is the Gauss transform of u. Thus it follows
from Lemma 3.1 there exist a unique quadratic-additive function Q(x, t) = q(x) + ct and
a unique additive function A(x, t) = a · x + bt and a constant C such that∣∣Gu(x, t) − A(x, t) − 2Q(x, t) − C∣∣ 3 (3.25)
and ∣∣Gv(x, t) − Q(x, t)∣∣ 3. (3.26)
Letting t → 0+ in (3.25) and (3.26) we have∥∥u − a · x − 2q(x) − C∥∥ 3, ∥∥v − q(x)∥∥ 3.
It means that h1(x) := u−a ·x−2q(x)−C and h2(x) := v−q(x) belongs to (L1)′ = L∞.
Thus the solution u,v can be written uniquely in the form
u = a · x + 2q(x) + C + h1(x), v = q(x) + h2(x).
This completes the proof. 
Theorem 3.4. Let u ∈ S ′(Rn) satisfy the inequality (1.4). Then there exist a unique a ∈ Cn
and a unique quadratic form
q(x) =
∑
1jkn
ajkxj xk
such that
u = a · x + q(x) + h(x),
where h(x) is a bounded measurable function satisfying ‖h‖L∞  32.
Proof. As in the proof of Theorem 3.3, by convolving in (1.4) the tensor product
Et(x)Es(y) of n-dimensional heat kernels, the inequality (1.4) is converted to∣∣Gu(x + y, t + s) − Gu(x − y, t + s) − 2Gu(x, t) − Gu(y, s) − Gu(−y, s)∣∣ 
(3.27)
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quadratic-additive function Q(x, t) such that
∣∣Gu(x, t) − a · x − Q(x, t)∣∣ 3
2
. (3.28)
Letting t → 0+ in (3.28) we have
∥∥u − a · x − q(x)∥∥ 3
2
.
Thus we get the result. 
4. Stability in D′(Rn)
We introduce a function ψ(x) ∈ C∞c (Rn) such that
ψ(x) 0, suppψ(x) = {x: |x| 1},
∫
ψ(x)dx = 1.
For example, let
ψ(x) =
{
A exp(−(1 − |x|2)−1), |x| < 1,
0, |x| 1,
where A = (∫|x|>1 exp(−(1 − |x|2)−1) dx)−1, then it is easy to see ψ(x) is an infinitely
differentiable function with support {x: |x|  1}. Now we employ the function ψt(x) :=
t−nψ(x/t), t > 0. If u ∈ D′(Rn), then for each t > 0, (u ∗ ψt)(x) = 〈uy,ψt (x − y)〉 is
a smooth function in Rn and (u ∗ ψt)(x) → u as t → 0+ in the sense of distribution, that
is, for every φ ∈ C∞c (Rn)
〈u,ϕ〉 = lim
t→0+
∫
(u ∗ ψt)(x)ϕ(x) dx.
We now consider the stability problems (1.3) and (1.4) in the space D′(Rn) of Schwartz
distributions.
Theorem 4.1. Let u,v ∈ D′(Rn) satisfy the inequality (1.3). Then there exists a unique
a ∈ Cn and a unique quadratic form
q(x) =
∑
1jkn
ajkxjxk
such that
u = a · x + 2q(x) + C + h1(x), v = q(x) + h2(x),
where C ∈ C and h1(x), h2(x) are bounded measurable functions satisfying ‖h1‖L∞  3,
‖h2‖L∞  3.
Proof. It suffices to show that if u,v ∈ D′(Rn) satisfy the inequality (1.3), then u,v ∈
S ′(Rn). Convolving ψt(x)ψs(y) in each side of (1.4) we have
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(4.1)
for all x, y ∈ Rn, t, s > 0. In view of (4.1) it is easy to see that for each fixed x, there exist
sequences tn, n = 1,2, . . . , and sn, n = 1,2, . . . , of positive numbers which converge to 0
as n → ∞ such that
f (x) := lim
tn→0+
(u ∗ ψtn)(x), g(x) := lim
sn→0+
(v ∗ ψ2sn)(x).
Letting y = 0 and t = tn → 0+ so that (u ∗ ψt)(x) → f (x) in (4.1) we have∣∣∣∣(u ∗ ψs)(x) − f (x) − 12 (v ∗ ψ2s)(0)
∣∣∣∣ 2 . (4.2)
Letting y = 0 in (4.1) we have∣∣∣∣(u ∗ ψt ∗ ψs)(x) − (u ∗ ψt)(x) − 12 (v ∗ ψ2s)(0)
∣∣∣∣ 2 . (4.3)
From (4.1), (4.2) and (4.3) and the triangle inequality we have∣∣f (x + y) + f (x − y) − 2f (x) − (v ∗ ψ2s)(2y) + (v ∗ ψ2s)(0)∣∣ 4 (4.4)
for all x, y ∈ Rn, s > 0. Letting s = sn → 0+ so that (v ∗ψ2sn)(y) → g(y) in (4.4) we have∣∣f (x + y) + f (x − y) − 2f (x) − g(2y) + g(0)∣∣ 5 (4.5)
for all x, y ∈ Rn. Following the same approach as in the proof of (3.1) there exists a unique
quadratic form
q(x) =
∑
1jkn
ajkxj xk
and a unique a ∈ Cn such that∣∣f (x) − a · x − q(x) − C∣∣ 15. (4.6)
From (4.2) and (4.6) we get
∣∣(u ∗ ψt)(x) − 2q(x) − l(x) − f (0)∣∣ 312  +
1
2
∣∣(v ∗ ψ2t )(0)∣∣. (4.7)
Thus letting t → 0+ in (4.7) we have∥∥u − a · x − q(x) − C∥∥ 16. (4.8)
From (4.8) we have
u = a · x + q(x) + C + h(x)
for some bounded measurable function h(x), which implies u ∈ S ′(Rn). Also it follows
from (4.4) and (4.6) that u ∈ S ′(Rn). 
As a direct consequence of the above result if u ∈D′(Rn) satisfies the inequality (1.4),
then u ∈ S ′(Rn). Thus we have the following theorem.
L. Li et al. / J. Math. Anal. Appl. 320 (2006) 163–173 173Theorem 4.2. Let u ∈D′(Rn) satisfy the inequality (1.4). Then there exist a unique a ∈ Cn
and a unique quadratic form
q(x) =
∑
1jkn
ajkxjxk
such that
u = a · x + q(x) + h(x),
where h(x) is a bounded measurable function satisfying ‖h‖L∞  32.
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